


 
 

Figure 11. A stretch frame used for equi-biaxial loading of rubber specimens. 

 

 

                       
 

a)                                     b) 

 

Figure 12. Failure of statically inflated HNBR 50 mm samples, a) hydraulically inflated and b) pneumatically inflated 

 

Using the simple expression for circumferential stress at the pole (ζ), given in Equation 12, where p is the applied pressure, r the 

radius of curvature and t the specimen thickness, equi-biaxial stress-strain curves to failure were plotted that allowed  material 

constants to be determined using the standard curve fitting procedures available in commercial FE software codes.  
 

 

Local stretch ratios at the pole can be determined using Equation (13). 

  (13) 

Where λ is the principal stretch ratio, xcir is the circumferential point spacing at the bubble pole and xorig is the original unstrained 

circumferential point spacing [70]. When the bubble height exceeds the radius of the inflation orifice, the bubble profile changes 

from spherical to elliptical which necessitated the calculation of an effective ‘radius’ at the bubble pole to allow engineering 

stresses to be computed. Murphy [74] showed that the formula for engineering stress ζ had to be modified to include increased 

loading as a bubble enlarged (Equation 14). This meant that the relationship between engineering and true (Cauchy stresses) t 

during dynamic bubble inflation was identical to that in uniaxial extension and equi-biaxial tension using stretch frames. Hence, 

the expression for Cauchy stress t is as shown in Equation 15. 

 

�1= P(r/2to)∙λ            (14) 

 

t = P(r/2to)∙λ
2            (15) 



 

where P is the applied pressure, r the radius of curvature and to the unstrained sample thickness. 

Unlike simple tensile and stretch frame testing, the total load acting on the specimen increases as the test progresses and the 

bubble expands under pressure. 

 

Dynamic bubble inflation 

 

Previously there was a dearth of research into dynamic bubble inflation [75, 76], although the method is capable of loading test-

pieces in equi-biaxial tension for a large range of stress or strain amplitudes and allows the total number of cycles to failure to be 

recorded. Using the system advanced by Murphy [74] specimens were fatigued to failure and the resulting data when used in 

conjunction with other load cases, facilitated a full characterisation of fatigue properties for a particular elastomer sample 

subjected to complex loading. The characterisation of the equi-biaxial dynamic properties of EPDM was carried out in an initial 

programme to validate Abraham’s findings for the uniaxial cyclic loading of non-strain crystallising rubbers [77]. However there 

are many difficulties associated with obtaining reliable fatigue data using the bubble inflation method. Consider the disparate 

requirements of determining fatigue life for specimens subjected to i) constant pressure amplitudes, ii) constant strain amplitudes 

iii) constant engineering stress amplitudes and iv) constant true stress amplitudes. Load case i), representative of a diaphragm in a 

machine working between set pressure limits, is the most easily achieved. The test-piece will grow continually throughout 

inflation / deflation cycles and be subject to stress softening and set. Constant strain amplitudes, load case ii), representative of 

the deformation at some point on a component like a belt, hose or drive shaft boot, require continual monitoring and control of 

specimen profile to retain an approximately equal deformation by varying the pressure limits. Load cases iii) and particularly iv) 

are representative of the majority of rubber components; auto exhaust hangers, tyre treads, engine mounts, etc. and require both 

continual monitoring of pressure and specimen profile as each parameter influences stress levels in subsequent cycles. Thus, to 

obtain successive cycles at a constant engineering stress amplitude in bubble inflation, continually coordinating hydraulic, vision 

and control systems is essential. This is made complex by the need to continually adjust inflation pressure as the load experienced 

by the bubble surface increases with bubble growth due to the Mullins effect [53], but it is the large reversible deformations 

associated with rubber that make it so useful in all spheres of technology. Thus, characterising the material using true (Cauchy) 

stresses is far more relevant than using engineering stresses. In a conventional linear elastic solid, this distinction is unimportant 

because engineering stresses are virtually equal to true stresses as the materials normally only experience micro-strains. 

Accordingly, Murphy et al [78, 79, 80, 81, 82] have developed a bubble inflation facility to produce reliable equi-biaxial fatigue 

data using a system similar to that employed by Johannknecht [70]. However, they were constrained to use hydraulic inflation 

and deflation as the lags induced in pneumatic systems were incompatible with cyclic loading. The system can also be used to 

determine static failure strength, stress relaxation, creep, stress softening and set for dynamic equi-biaxial loading. As stated, the 

initial impetus for the research was to determine if Abraham’s findings [47] in uniaxial fatigue testing of non-strain crystallising 

rubbers were confirmed for biaxial loading. Very little research had been carried out previously using dynamic bubble inflation 

of rubber, though Bhate and Kardos [75] used bubble inflation to study high frequency vibrations in elastomers and Hallett [76] 

studied equi-biaxial rubber fatigue without integrating the systems essential to allow full control of the tests. Hence, unlike the 

previous investigations, the hydraulic system was integrated with control and vision systems to allow cycling at constant 

amplitudes of pressure, strain and stress and offered ready access to test results. Murphy applied a system for tracking the 

displacement of a row of dots at the bubble pole to record circumferential displacement using two CCD cameras, but unlike 

Johannknecht, he achieved this objective with a camera placed on the vertical axis above the bubble pole and another inclined at 

450 to the vertical axis. The system configuration is shown in Figure 13. An inflated test sample is shown in Figure 14. 

 

 
 

Figure 13.  The final configuration of the equi-biaxial bubble inflation test system. 

                   The graph depicts the tracking of the displacement of centres of dots at the pole of the bubble.   



 

 
 

Figure 14. An inflated EPDM test sample  

 

Fatigue to failure tests were carried out on an EPDM rubber of 70 Shore A hardness, containing 110 pphr low activity carbon 

black with 70 pphr softener added. The bubble specimen consisted of a rubber disc of 50 mm and a thickness of 2 mm cut from 

an EPDM sheet, the inflating orifice was 35 mm in diameter. The first tests were carried out at constant pressure amplitudes and a 

typical stress-strain plot showing cycles selected at intervals in a fatigue test is given in Figure 15. Thereafter, the system was 

developed to facilitate repeated cycles under constant engineering stress amplitude control, using the relationship ζeng = PRλ1/2to. 

Cycles selected at intervals in a typical test are shown in Figure 16. 

 

 
 
Figure 15. 2 mm thick sample cycled between constant pressure limits ~ selected cycles. 
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Figure 16. 2 mm thick sample cycled between constant engineering stress limits ~ selected cycles. 

 

Figure 17 depicts selected cycles for a fatigue test on an EPDM sample (zero minimum stress) under constant stress control and 

shows that stress softening continues for the duration of a fatigue test, as was observed by Abraham in uniaxial dynamic testing 

of the same material.  

 

 
 

Figure 17. Hysteresis curves for selected cycles in a fatigue test on an EPDM sample. 

 

Fatigue testing using constant engineering stress amplitudes and a non-zero positive minimum pressure did not definitively align 

with Abraham’s observations for uniaxial pre-stressing of EPDM samples. In general, some increase in fatigue strength was 

observed with pre-stressing for higher pressure amplitudes, but not for smaller amplitudes. The effect of pre-stressing in dynamic 

equi-biaxial fatigue of EPDM shows that just below the high damage region of loading, increases in fatigue life were exhibited. It 

is apparent that the fatigue lives of samples cycled at higher constant equi-biaxial stress amplitudes with pre-stressing were 

greater than for samples cycled to the same stress amplitudes with zero pre-stressing. However, this effect is only exhibited for 

these high pre-stress levels as depicted in Figure 18. Figure 19 illustrates diagrammatically the variation in the effect of pre-

stressing with changing engineering stress amplitudes and also highlights the relationships between the various loading regimes. 
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Reducing dynamic stored energy due to pre-stressing in a loading cycle has less influence on the total dynamic stored energy 

available for lower maximum cyclic stresses and increases in stress (or pressure) ratio R for a material being tested, where: 

 

Rratio = ζmin/ζmax      (also Pmin/Pmax) (16) 

 

 
 

Figure 18. S-N curve for EPDM samples with and without pre-stressing, using ζeng = P R λ1/2 to control. 

 

 
 

Figure 19.  Effect of dynamic stored energy due to pre-stressing on fatigue life. 

 

A point was reached below which the contribution of the stored energy solely attributable to the pre-stressing was insufficient to 

increase fatigue life and in fact, as the test programme continued, reduced fatigue lives were recorded for samples under pre-

stressed conditions with lower maximum engineering stresses.  

 



Equi-biaxial fatigue of elastomers subjected to swelling 

 

There have been few investigations of the dynamic behaviour of rubber under the influence of oil swelling [83, 84, 85, 86] 

although  swelling of elastomers has been comprehensively studied under conditions of static loading. All rubber swells to some 

degree in oil, but the amount of swelling can be estimated for any oil-rubber combination if the solubility parameters Δ for both 

components are known. If the square root of the difference between the solubility parameters of the rubber and the oil is less than 

1, as in Equation (17), then the rubber will swell appreciably in that oil [87]. To control the level of oil swell in elastomers it is 

practical to use hydraulic fluids where the properties have been pre-determined and can be used as a reference. Difficulties arise 

in precisely determining the solubility parameter of a fluid when it consists of two or more fractions. However, the solubility 

parameter for a hydraulic fluid can be estimated in experiments from other chemical properties which are readily available (e.g. 

the aniline point of the oil) and an empirical relation between the solubility parameter and the aniline point of the oils under test 

can be determined [88].  

 

(     )
 
                          (  ) 

 

The effect of oil swelling on the fatigue life of EPDM under conditions of equi-biaxial cyclic loading using dynamic bubble 

inflation was studied by Jerrams et al [49] and the research project set out to:  

1) Determine if fatigue strength reductions due to swelling in rubber specimens loaded equi-biaxially were consistent with 

strength reductions in samples subjected to uniaxial tests to failure.  

2) Create equi-biaxial Wöhler (S-N) curves for a range of rubbers swollen in different media in tests conducted at constant stress 

amplitudes.  

3) Establish relationships between cycles to failure and dynamic modulus and stored energy.  

4) Offer predictors of fatigue life for dry/swollen specimens subjected to equi-biaxial fatigue.  

An EPDM rubber of 70 Shore A hardness, cross-linked with sulphur and containing low activity carbon black was used in the 

experimentation. The samples were 50 mm in diameter and prior to testing, had a thickness of 2 mm. Unconditioned samples 

were clamped and dynamically inflated and deflated through a 35 mm diameter orifice for the bubble inflation tests. The swelling 

effect was initially considered for dry EPDM samples that had been subjected to ten loads cycles to condition them.  

The degree of cross-linking of the EPDM material and hence its modulus is related to swelling potential by the Flory-Rehner 

Equation:- 

 

-ln (1 - V2) + V2 + XV2
2 = (V1/υMc)(1 - 2Mc/M)(V2

1/3-V2/2)   (18) [89] 

  

where V2 is the volume fraction of polymer in the swollen mass, X  is the Flory-Huggins interaction parameter, V1 is the molar 

volume of the solvent, Mc is the average molecular mass between crosslinks and M is the primary molecular mass. 

   

Three different sets of EPDM samples were tested; the dry specimens and those swollen in two different ASTM reference oils,  

IRM 902 and IRM 903. Specimens were subjected to varying degrees of swelling in reference mineral oils and fatigued at 

constant engineering stress amplitudes [90]. The reference oils used for swelling the EPDM had known aniline points, allowing 

the determination of rubber-oil compatibility. The silicone based oil used as the inflation fluid for fatigue testing was selected to 

minimise the amount of additional swelling during cycling. The samples were cycled between zero and predetermined maximum 

stress values. Wöhler (S-N) curves were produced for dry and swollen specimens and the changes in complex elastic modulus E* 

and dynamic stored energy were determined. Specimen fractures were observed using SEM. As in the equi-biaxial bubble 

inflation fatigue tests previously described, the specimens had a pattern of dots applied to their surface. The deformation of this 

pattern during inflation and deflation was recorded by the optical system previously specified [74], allowing correlation to a 

specific engineering stress value at the bubble pole. From ASTM standards for rubber-liquid compatibility, the reference oil IRM 

903 was chosen as the most appropriate oil for high swelling of EPDM. Its aniline point was determined and compared with the 

solubility parameter of the EPDM to allow rubber-liquid compatibility to be gauged. Also, using reference oil, IRM 902, which 

imparts medium swell effects, allowed the influence of variation of oil solubility on rubber properties to be investigated [91]. 

Specimens were immersed in the reference oil at 100 °C for one hour. After removal from the hot oil the samples were cooled in 

oil at ambient temperature for a short period, before being dried and weighed. An average swelling ratio Q was calculated for the 

samples, where Q was expressed as,  

 

  
  

  
                          (19) 

 

Ws is the weight of the swollen elastomer sample and Wd is the weight of the dry elastomer before swelling. A swelling ratio of 

1.10 (10% increase in mass) was calculated for the EPDM swollen in IRM 903 and a ratio of 1.042 (4.2% increase in mass) for 

the EPDM swollen in IRM 902. EPDM specimen sets (Dry, 10% Swell, 4.2% Swell) were then cycled hydraulically between 

pre-set maximum and zero minimum engineering stress limits using the silicone based oil as the inflation medium. In general, 

fatigue tests were carried out at frequencies of 1 Hz to minimise any potential for samples to degrade due to heat build-up during 

cyclic loading [48]. However in bubble inflation tests there can be minor exceptions to this practice as it is essential to consider 

pressure or stress amplitude in combination with frequency to avoid thermal degradation. To maintain a constant maximum 



engineering stress in each cycle, the pressure set-point was adjusted continually throughout testing. S-N curves were produced to 

allow comparison of the fatigue lives of the dry and swollen rubber samples. The plot of stress amplitude (ζa) versus cycles to 

failure (N) for all three specimen sets is shown in Figure 20.  

 

 
 

Figure 20. Plot of stress amplitude versus log10 cycles to failure for dry and swollen specimens.  

 

As anticipated, the unswollen specimens had greater fatigue resistance than the swollen samples. The fatigue life of the material 

was reduced proportionally to the degree of swelling. The fatigue behaviour of the three specimen sets was subsequently 

analysed in respect of the complex elastic modulus, E* (as previously defined). Plots showing the decrease in modulus E* of the 

samples with the accumulation of cycles at a stress amplitude of ζa = 1MPa for the three sample sets are shown in Figure 21. 

(The three dashed curves represent results of FE simulations for the three material sets).  

 

 
 

Figure 21. E* versus cycles log10 N for dry, 4.2% and 10% swollen specimens at ζa = 1MPa.  
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It was noted earlier that in tests carried out by Abraham, [47] it was found that for a given material, failure consistently occurred 

after a specific loss in complex modulus E*. This predictor, termed E*res can be represented as:  

 

E*res = (E*/Econ) x 100%                                         (20) 

 

where Econ is defined as the modulus of the material after ten conditioning cycles. The dry and swollen specimens subjected to 

equi-biaxial cycling were analysed using this approach, where the percentage value of E*res versus cycles was plotted up to 95 % 

of the fatigue life of the specimen. A plot of the decrease in E*res (as a percentage of Econ) for the dry EPDM is shown in Figure 

22. E*res was found to have an average value of 33% ±10% of its original value at 95% of the fatigue life of each dry specimen. 

The 4.2% and 10% swollen specimens had values of E*res of 50.5%±10% and 60.1%±5% at 95% of specimen life, respectively. 

 

 
 

Figure 22. E*res versus log10 cycles N for dry EPDM for five different stress amplitudes.  

 

The moduli (E*) for the dry and swollen samples at failure were studied by comparing the dry and the two swollen specimen sets 

at similar stress amplitudes. The trends for each specimen set are shown over a range of stress amplitudes in Figure23.  

 

 
 

Figure 23. E*res expressed as a percentage of E*con versus log10 cycles N for dry and 4.2% and 10% swollen EPDM for different 

stress amplitudes.  

 

There is an average E*res at failure of 33% ±10% for these sets of specimens over four different stress ranges. By knowing the 

initial modulus E*con for the dry specimens, an approximation of the failure modulus for the swollen test-pieces can be 



determined. At a stress amplitude of 1MPa, comparison can be made between all three sample sets in respect of the decrease in 

specific modulus. Analysis of the value to which E*res decreases for each sample type at a stress amplitude of ζa = 1MPa, with 

E*con taken as the modulus of the dry EPDM after ten conditioning cycles, suggested that E*res at failure fell within the 33% 

±10% range for each of the three specimens. The dynamic stored energy during cycling of the three sample sets was also 

evaluated. Previous analyses of uniaxial test data for EPDM found good correlation between the dynamic stored energy in the 

specimen versus the cycles at failure and its use as a plausible fatigue life predictor was proposed [51-52]. Stress-strain 

measurements were made periodically throughout the equi-biaxial dynamic tests. The dynamic stored energy in a cycle was 

subsequently calculated for the specific cycles measured. After conditioning, the dynamic stored energy increased linearly when 

plotted against cycles to failure, confirming that using this parameter provides a plausible predictor of fatigue life for elastomers, 

irrespective of the degree of swelling present in the material. The plots of dynamic stored energy to failure versus log10 cycles for 

the dry EPDM over a range of stress amplitudes are shown in Figure24 and the graphs of dynamic stored energy versus log10 

cycles to failure for all three material sets are shown in Figure 25. At similar stress amplitudes, the dry EPDM samples had higher 

dynamic stored energy at failure than the swollen specimens, with the 10% swollen rubber having the lowest dynamic stored 

energy for a given stress amplitude. As would be expected, this result is due to a reduction in stiffness with increasing levels of 

swelling.  

 

 
 

Figure 24. Dynamic stored energy versus log10 cycles to failure for dry EPDM samples 

 

 
 

 

Figure 25. Plot of Dynamic Stored Energy versus log10 cycles to failure for the three specimen sets.  

 



The surface morphology of the fractures for each sample set was observed. The fracture surfaces of the dry samples were 

analysed using SEM. A magnification factor of X400 at 2.0 kV was used to view failure surfaces. For low lives of less than one 

hundred cycles, the failure mode was similar to that observed for the fracture surfaces of the material from a static inflation test to 

destruction. The surface morphology was fibrous in nature and in some instances showed delamination at the failure surface. 

Failures that occurred beyond 100 cycles showed clear evidence of crack propagation and subsequent rupture. Cracks propagated 

predominately in the bubble pole region. This behaviour was common to both the dry and swollen specimens. SEM images of the 

surface morphologies of the specimens at stress amplitude of 1 MPa are shown in Figure 26. In the dry samples there is a coarser 

failure surface at lower cycles than for failures at higher cycles. Previous research indicated that the surface of the dry samples 

exhibited blunt tearing, while the surfaces of swollen test-pieces indicated sharp tearing [75]. SEM images from this study 

confirmed these observations, where the blunter surfaces of the dry specimens were in stark contrast to the smoother surfaces of 

the swollen test-pieces. This blunt tearing was attributed to greater polymer filler interaction in the dry material, as the material 

showed higher toughness for equal values of applied stress. The SEM imaging suggests that the swollen failure surfaces ‘flow’ 

more readily over one another than those of the drier specimens. 

 

 
 

Dry                                               4.2% Swollen                                        10% Swollen 

 

Figure 26. SEM Imaging of specimen fracture surfaces, ζeng = 1 MPa (ROI = Region of interest).  

 

Flaws were more abundant in the swollen material. As the flaws were potential stress raisers, the probability of crack growth 

being initiated at them would be high and the areas around the flaws would tend to have a lower complex modulus than other 

points in the network.  

 

Conclusions 

 

Using load controlled uniaxial cyclic deformation of dumbbell specimens, Abraham et al [47] correlated fracture mechanics and 

SN curve approaches for determining fatigue life in non-strain crystallising rubbers. In subsequent analyses they were able to 

show that failure in fatigue would ensue from flaws of 200 μm or more in length if such flaws were in the critical region of the 

loaded specimen. By applying tomographic techniques, McNamara et al [60] were later able to confirm the presence of flaws of 

this magnitude in standard rubber samples and account for the large scatter in elastomeric fatigue tests by highlighting the 

possibility of these flaws occurring on critical sections in a test-piece or component. Abraham’s research resulted in three other 

key findings in respect of fatigue resilience under uniaxial loading in amorphous elastomers. These can be summarised as: 

i) Fatigue life can be improved by pre-loading these materials. 

ii) ‘Dynamic stored energy’ can be used as a basis for predicting fatigue life 

iii) There is a limiting value of complex elastic modulus E* below which fatigue failure can be anticipated. 

These findings prompted numerous questions:- 

a) Will the influence of pre-loading be significant under more complex loading regimes? 

b) Can ‘dynamic stored energy’ be used as a predictor of fatigue life for multi-axial loading of rubber samples? 

c) Is there a limiting value of E* that is applicable for non-strain crystallising rubbers loaded biaxially? 

d) Can the dynamic stored energy criterion and limiting value of complex modulus be applied to dynamic equi-biaxial 

cyclic loading of swollen amorphous rubbers?  

 In consequence a programme of equi-biaxial dynamic testing ensued. Johannknecht et al [72] had already demonstrated that 

controlled bubble inflation was a feasible method of analysing equi-biaxial stress-strain relations for rubber-like materials. 

Thereafter, Murphy et al [77] created an equi-biaxial dynamic test facility for rubber using the bubble inflation method. Cyclic 

testing of EPDM samples appeared to show that Abraham’s findings for pre-stressing were only applicable for high load ranges, 

where the material’s failure could be anticipated in relatively few cycles.  

Hanley [90] developed the cyclic bubble inflation method further and applied it to swollen equi-biaxial disc samples. It was 

found that the fatigue life results produced in the equi-biaxial tests agreed with those from dynamic uniaxial swelling 

experiments; that is, the fatigue lives of specimens were reduced in proportion to the amount of swelling. Unsurprisingly, the 

fatigue life of an EPDM sample under dynamic equi-biaxial loading was greatly reduced in the presence of oil in the rubber 

network, even for relatively small amounts of swelling. Though only in contact with the oil for an hour at 100 °C, the dynamic 

properties of complex modulus E* and dynamic stored energy were fundamentally altered from those of untreated EPDM. The 



changes in these properties and the lower fatigue lives of the swollen specimens were attributed to a number of physical and 

chemical factors. Physical factors included the presence of larger voids in the network and a lower initial complex modulus due 

to swelling. Chemical factors included changes in the network structure due to oil swelling, where there may have been a 

reduction in the number of cross-links resisting the tensile force or where the swelling led to differences in the equilibrium length 

of individual chains. Also, possibly the reformation of polysulphidic linkages during loading cycles was inhibited in the presence 

of oil [92]. 

The relationship between dynamic stored energy and cycles to failure was influenced by the degree of swelling, with the energy 

at failure reducing as swelling levels increased. It was proposed that a practical approach to predicting realistic fatigue lives in 

rubber compounds was to use the limiting value of the residual modulus E*res if the residual modulus for swollen specimens is 

based on a calculation using the initial conditioned modulus of dry rubber samples at similar stress amplitudes. E*res values 

exhibited reasonable correlation with a limiting value of 33%±10% for both the dry and swollen specimens, so by knowing the 

limiting value of E*res, (in this case 43% of E*con), the effect of swelling on fatigue life of non-strain crystallising rubber 

components can be determined. Clearly, this approach could have practical significance in the design and maintenance of 

elastomeric components subjected to fatigue loading conditions. The practical significance of this study was focused on the effect 

of contamination on the mechanical performance of non-strain crystallizing elastomers subjected to realistic loading conditions. 

EPDM components are predominantly used in automotive applications, where they provide the advantage of having improved 

functionality at higher temperatures than SBR or NR. However, some of these advantages are diminished by the material’s poor 

resistance to numerous fluids used in vehicles. Hanley’s research illustrated that if a risk of oil contamination is sufficiently high 

and the automotive design engineer has failed to appreciate the potential detrimental influence of swelling, safety factors may be 

too small and life expectations for components may be unrealistically high. 

 

The rationale for equi-biaxial bubble inflation fatigue testing or rubber 

 

The broad outcome of the research described in this chapter is that dynamic equi-biaxial bubble inflation provides rubber 

technologists with a robust and adaptable method of determining fatigue resilience in elastomeric materials. Physical testing is 

possible under a wide range of amplitude controls, pre-stressing is easily incorporated into testing, results scatter is reduced and 

the study of numerous other viscoelastic phenomena in rubber is simply achieved. The test facility is under continuous 

development to provide viscoelastic material data for loading regimes experienced in ‘real world’ applications. Most recently, the 

equi-biaxial bubble inflation system has undergone design changes to deliver dynamic characterisation of the physical properties 

of magnetorheological elastomers (MREs) [93].   
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